Basic geometrical properties of general convex polyhedra of doubly stochastic matrices are investigated. The faces of such polyhedra are characterized, and their dimensions and facets are determined. A connection between bounded faces of doubly stochastic polyhedra and faces of transportation polytopes is established, and it is shown that there exists an absolute bound for the number of extreme points of d-dimensional bounded faces of these polyhedra.
INTRODUCTION
A real matrix is doubly stochastic provided all row and column sums equal 1. Let N, = { 1,. . . , n},andletSCN,XN,.ThesetofallnXndoubly stochastic matrices X = [xii] such that xii > 0 for all (i, i) E S is denoted by Q(S). It is clear that Q(S) 1s a convex polyhedron in Euclidean na-space whose dimension equals (n -1)2. In particular, Q(0) is the hyperplane of all n X n doubly stochastic matrices, and Q(N,, X NJ is the polytope 52, of all n X n non-negative doubly stochastic matrices. In [3] , [4] , and [S] geometrical properties of Q2, were presented. We continue our study by investigating basic geometrical properties of Q(S) for arbitrary S. We characterize the faces of Q(S) and determine their dimensions and facets. The extreme points of Cl(S) are characterized.
It is shown that if Q(S) is a polytope, then a d-dimensional face of Q(S) has at most 2d extreme points. We conclude by pointing out a connection between the bounded faces of Q(S) and the faces of transportation polytopes, and show that there is an absolute bound for the numkr of extreme points of d-dimensional bounded faces of these polyhedra.
FACES OF O(S)
Let S C N,, x N,. The polyhedron Q(S) consists of all n X n real matrices X = [xii] which satisfy the following constraints:
k=l Thus Q(S) is a polyhedron defined by the equations (2.2).
'i-HEOREM

2.1.
Let n >2,
Q(S,)#~n(S,).
1= 2 Xki (HEN,). Proof There is no loss in generality in assuming S, -S,# 0. Let (r,s) E S, -S,. Since n > 2, there exists an n X n doubly stochastic matrix X = [xii] such that xrs = 0 and xii > 0 whenever i # r or j # s. Let u, v E N,, with u # T and u # s. For E > 0 let X (E) be the doubly stochastic matrix obtained from X by adding -E to x, and x,,, and E to x, and x~. Then for E sufficiently
small, X (E) E a( S,) -a( S,). Hence Q( S,) # 52( S,). a
Let S c N, x N,,. We obtain the faces of Q(S) by replacing some of the inequalities of (2.1) with equalities. Let K c S and define an n X n (0, 1, *)- 
((i,i)~+K).
Note that if P and Q are n X n permutation matrices and A ' is the transpose of A, then %(A), s(PAQ), and 3(A ') are all congruent. We define a,(A) to be the number of l's of A, a,(A) the number of *'s of A, and a(A) = a,(A) + u.(A).
It is clear that we may have ??(A)= '%(B) for two distinct (O,l,*)-matrices A and B. To establish a one-to-one correspondence between the non-empty faces of a(S) and certain (0, 1, *)-matrices we make the following definition.
Let A = [aij] be an n X n (0, I,*)-matrix.
Then A has total lsupport provided '%(A)#@ and urs = 1 implies there exists a matrix X = [xii] E T(A) such that xrs > 0. Let M(S) be the set of all n X n (0, 1, *)-matrices A = [ u,J with uji = * if and only if (i, i) @ S. Then it follows that there is a one-to-one correspondence between the non-empty faces of !J( S) and the matrices in M(S) with total l-support.
Using the theory of network flows [7] , we now characterize matrices with total l-support. whenever e and f are non-negative integers and P and Q are permutation matrices such that (2.3) holds, where 2 is an e Xf (0, l)-matrix. It follows from (f) that E can be chosen so that (2.5) is always satisfied. Hence there exists a flow f satisfying the constraints (2.4). Let X = [xji] be the n x n matrix where q=f(q,uZ) for i,i=l,..., n. Then X E T(A) and uii = 1 implies xii > E > 0. Hence A has total l-support.
n
The preceding proof is similar to the proof of Theorem 2.1 in [2] . If in the proof of Theorem 2.2 we replace E by 0, we obtain the following. Let A be an n x n (0, 1, *)-matrix. Then %(A) # 0 if and only if e +f > n whenever e and f are non-negative integers and P and Q are permutation matrices such that (2.3) holds where 2 is an e X f(0, 1)-matrix.
Let A = [ail] be an n X n (0, 1, *)-matrix. Let the rows of A be ur,. . .,u, and the columns of A be Us,. . . ,u,. We define the graph [respectively l-graph, *-graph] of A to be the bipartite graph G(A) [respectively G,(A), G.(A)] whose vertices are ui,. . . , u, and q,. . . ,v,,, where there is an edge { y, vi} joining q and uj if and only if uij #O [respectively, aii = 1, uii = *]. The matrix A is said to have total support provided A # 0 and a,, # 0 implies there exists a matrix X = [xii] E %(A) such that x, #O. THEOREM 2.3. Let A = [a,J be an n X n (0, 1, *)-matrix. Then A has total support if and onZy if A has total l-support and the following condition is satisfied:
(I) If P and Q are permutation matrices such that (2.3) hold-s, where A, is a square matrix and Z is not a (0, I)-matrix, then Z has at least two nonzero entries.
Proof. If A has total support, then clearly A has total l-support and ($) is satisfied. Now suppose that A has total l-support and ($) is satisfied. Since A has total l-support, it follows that there exists a matrix X = [z+l E T(A) such that xii > 0 whenever aii = 1. Suppose that a, = *, while n, = 0. First suppose that the edge { u,.,u,} is an isthmus of G(A). Then there exist permutation matrices P and Q such that (2.3) holds, where a, is the only nonzero entry of Z. Since xls =O, we see that the matrix A, of (2.3) is square. This contradicts ($), and hence {u,, v,} is not an isthmus of G (A). Therefore there is a cycle y of G (A) containing the edge { u,, u,}. Let E > 0. By alternately adding E and -E to the entries of X corresponding to the edges of the cycle y, we obtain a doubly stochastic matrix X (E) whose (r, s)-entry is not zero. For E sufficiently small, X(7)E T(A). Therefore A has total support. n An n X n (O,l, *)-matrix is called connected if its graph G(A) is connected. It is easy to see that if A is a connected (0, 1, *)-matrix with total support and B is obtained from A by replacing a zero entry with a I or *, then B is connected and has total support. Using the connectivity of the bipartite graphs G (A,),...,G(A,) we see that there is a cycle y in G (PAQ) that is not a cycle of G (B) . There exists a matrix Y = [ y,,] E 4 (B) such that yii >0 whenever bii = 1. Let F >0 be sufficiently small. Since each edge of y which is not an edge of G (B) is an edge of G*(PAQ), by alternately adding F and -E to the entries of Y corresponding to the edges of y we obtain a matrix Y(E) E %(PAQ) -S (B) . This contradicts ?(PAQ) = F (B) . Therefore H has no cycles. We now determine the dimension of faces of a(S). By Corollary 2.5 it suffices to consider ? (A) such that A is a connected (O,l,*)-matrix with total support.
Proof.
It is elementary cycle yi such that e, is an edge of yi while all other edges of yi are edges of H. Let C;. be an n X n (O,l, -I)-matrix with row and column sums equal to 0 having non-zero entries precisely in those positions corresponding to the edges of the cycle yi. Let m equal the minimum absolute value of the non-zero entries of X. Let
It follows that S c S(A). Moreover, the projection of 5 onto the coordinate subspace determined by the edges el, . . . , ed is a d-dimensional cube. Therefore dim%(A)>d=a(A)-2n+l.
Let k = n2 -a(A). Let A,= A, and for i = 1,. . . , k let Ai be obtained from Aj_ 1 by replacing a 0 of Ai_ I with a 1. Since A is connected with total support, %(Ai_ i) is a proper subface of F(AJ for i = 1,. . . , k. Therefore and hence
The theorem now follows. n It follows from Corollary 2.5 and Theorem 2.7 that if A,, . . . ,A, are the principal components of A, then Moreover, from Theorems 2.6 and 2.7 we obtain the following. Given a polyhedron ?? of dimension k, we define a facet of 'Z? to be a face of 9 with dimension k -1. Let A be an n x n (0, 1, *)-matrix with total l-support. The non-empty faces of g(A) are the polyhedra g (B) , where B is obtained from A by replacing certain l's with 0's. Since A has total l-support, if B is obtained from A by replacing a 1 with a 0, then dim 9?(B) <dim F(A). Hence, if dim T(A) > 1, all of the facets of g(A) can be found among the polyhedra F(B) where B is obtained from A by replacing a 1 by a 0. (B) such that xji # 0 whenever bii # 0. Let E > 0 be sufficiently small. By adding E to the entries of X corresponding to the even numbered edges of y and -E to the entries of X corresponding to the odd numbered edges of y, we obtain a matrix Y = [ yij] E %(A) such that yii #O whenever a+ # 0. Hence A has total support. . Let E > 0 be sufficiently small. By alternately adding E and -E to the entries of X corresponding to the edges of y, we obtain a matrix Y E F (B) with YfX.
Now suppose there exists Y E F(B)
with Y# X. Then X-Y is a nonzero matrix with all row and column sums equal to 0. It is easy to see that this implies there is a cycle in G (B) .
Let A he an n X n (0, 1, *)-matrix with total l-support, and let X be an extreme point of %(A). Then X is an integral matrix.
Proof
It follows from Theorem 3.1 that G (X) has no cycles. Thus the row and column sum constraints determine a triangular system of linear equations with all non-zero scalars equal to 1. It follows that the unique solution of this system is integral. H 
(i) Q(S) is bounded.
(ii) A or A ' has an (n -1) X n submutrix of all l's.
(iii) Every n X n permutation matrix is an extreme point of G(S).
Proof,
It follows from Theorem 3.1 that (i) and (ii) are equivalent.
Moreover it follows from Theorem 3.1 that (ii) and (iii) are equivalent.
l
In [3] it was shown that a k-dimensional face of the convex polytope a,, of non-negative doubly stochastic matrices has at most Zk extreme points. More generally we have the following. THEOREM 3.6. Let S c N, X N,, and suppose that 52(S) is bounded. Let 5 be a non-empty face of Q(S) of dimension k. Then 5 has at most 2k extreme points.
Proof.
Let B be an n X n (0, 1, *)-matrix with total l-support such that 9(B) is a non-empty face of Q(S) of dimension k. We prove by induction on k that 3 (B ) has at most Zk extreme points. This is clearly true if k = 0. Now suppose k > 1. By Theorem 3.5 all of the entries of B which are *'s occur in the same row or the same column. There is no loss in generality in assuming that these entries all occur in row 1 of B. Since k > 1, it follows from Theorem 3.1 that there exists an integer s > 2 such that row s of B contains at least two 1's. Suppose that b,,--1. Let B, be the matrix obtained from B by replacing b,, by 0, and let B, be the matrix obtained from B by replacing bsi with 0 for all ii t. Since row s of B contains no *'s, it follows from Corollary 3.2 that if X is an extreme point of y (B) , then X is an extreme point of 9 (B,) or % (B,) . Hence, since B has total l-support, ?? (B,) and 9 (B,) are non-empty faces of ti( S) with dimension at most k-1. Therefore it follows from the inductive assumption that 'y(B) has at most 2k extreme points. ,s,) , . . . , (r,,s,,,) are distinct. Hence m < (n -1)2, and the connectivity of G( a( S )) is at most (n -1)2. Hence, since dim Q( S ) = (n -l)', it follows from a theorem of Balinski [8, p. 2131 that the connectivity of G(Q(S )) is at least (n -I)". The theorem now follows. 
Let A be an n X n (0, 1, *)-matrix such that 9 = %(A). Let B be an n X n (O,l)-matrix such that G(B)= G.(A). Since 9 is bounded, there exists a positive integer k such that X + kB is a positive matrix for all X E $7. Th en there exists an integer k and an S c Nk x Nk such that '3 is congruent to a face of Q(S).
Suppose that R=(r,,..., rJ and C=(c,,...,c,,) , and let r=rr . . . +r SC,+.. These two properties can also be proved for integral transportation polytopes by using the congruence established in the proof of Theorem 4.2, and Theorems 3.1 and 2.8. We now prove two lemmas which will be used to show that there exists an absolute bound for the number of extreme points of k-dimensional faces of transportation polytopes. It will follow from Theorem 4.1 that this bound holds also for bounded k-dimensional faces of doubly stochastic polyhedra. Proof. We prove the lemma by induction on k. It suffices to assume G is connected.
Suppose first that k = 2. It then follows that G is a multigraph with 2 vertices and 3 edges or one with 1 vertex and 2 loops. Hence,the lemma holds in this case. Now let k > 2. Let e be an edge of some cycle of G, and let G' be the multigraph obtained from G by removing the edge e. Then G' has at most two vertices of degree less than 3. First suppose that e joins two distinct vertices or that e is a loop at a vertex x, where the degree of x in G is at least 4. Then every vertex of G has degree at least 2. Let H be the multigraph all of whose vertices have degree at least 3 which is homeomorphic to G'. Then the cyclomatic number of H is k-1, and by the inductive assumption H has at most 2(k-2) vertices. Hence G has at most 2( k -1) vertices. Now suppose that e is a loop at vertex x, where the degree of x in G is 3. Let G" be the multigraph obtained from G' by removing x and the pendant edge joining x to a vertex y. Then the degree of y in G" is at least 2, while every other vertex of G" has degree at least 3 in G". Let K be the multigraph all of whose vertices have degree at least 3 which is homeomorphic to G ". By the inductive hypothesis K has at most 2(k-2) vertices. Hence G has at most 2( k -1) vertices. R=(r, ,..., r,J and C=(c, ,..., c,,) . Let u1 ,..., u, be a branch of G (B) The above lemma can be proved by showing that for edges e, and e, in S,, if Xi is an extreme point of ?? such that ei is not an edge of G (Xi), i = 1,2, then e, is not an edge of G(X,) and e, is not an edge of G(X,). 
If k =0 or 1, the theorem is trivial. Suppose k > 2. Let A be a connected (0, 1)-matrix with total support such that G&A)
is a k-dimensional face of a transportation polytope. It suffices to prove that there exists an integer bi such that %R c (A) has at most b; extreme points. It is clear that there exists a connected (6, l)-matrix B with total support such that %RR,c (B) is a k-dimensional face of a transportation polytope congruent to %R,C(A) and G (B) has no pendant edges. Since G (B) ie connected, it follows from property (ii) which was stated for transportation polytopes that k equals the cyclomatic number of G (B) . If T is any spanning forest of G (B) , it follows that there exists at most one extreme point of %jr, (B) such that G(X) = T. Suppose G (B) has a branch ur,. . . , u, (r > 4). It follows from Lemma 4.4 that the number of spanning forests of G (B) THEOREM 4.6. Let k be a non-negatiue integer. Then there exists a positive integer bk such that a bounded k-dimensional face of a doubly stochastic polyhedron has at most bk extreme points.
To conclude we sketch a proof that a e-dimensional face of a transportation polytope (and therefore by Theorem 4.1 a bounded 2-dimensional face of a doubly stochastic polyhedron) can have at most 6 vertices. Let A be an m x n (0, 1)-matrix having total support relative to a transportation polytope T(R,C) such that %&(A) is 2-d imensional. First of all, it is not difficult to reduce the problem to the case where G(A) is 2-connected.
Since dim %&A)=2, it th en follows from the dimension formula (ii) that the cyclomatic number of G(A) is 2. It now follows by repeated application of Lemma 4.4 that we can assume A is one of the three matrices 
